Vacuum polarization of the quantized massive fields in Bianchi type I spacetime is investigated from the point of view of the adiabatic approximation and the Schwinger-DeWitt method. It is shown that both approaches give the same results that can be used in construction of the trace of the stress-energy tensor of the conformally coupled fields. The stress-energy tensor is calculated in the Bianchi type I spacetime and the back reaction of the quantized fields upon the Kasner geometry is studied. A special emphasis is put on the problem of isotropization, studied with the aid of the directional Hubble parameters.
I. INTRODUCTION
In this paper we shall consider quantized massive fields in homogeneous anisotropic cosmological Bianchi type I models described by the line element
where a, b and c, the directional scale factors, are functions of time. A special emphasis will be put on the Kasner spacetime [1] [2] [3] 
where the parameters p 1 , p 2 and p 3 satisfy
These conditions define a Kasner plane and a Kasner sphere (see Fig 1) . The Kasner metric is a solution of the vacuum Einstein field equations, and, because of its simplicity, it is also a solution of the equations of the quadratic gravity. The Kasner conditions exclude the possibility that all three exponents are equal, however, there are configurations for which two of them are the same. We shall call these configurations degenerate. The Kasner solution with p 1 = −1/3 and p 2 = p 3 = 2/3
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has rotational symmetry. The choice of p i in the form (1, 0, 0) defines the flat Kasner metric In the nondegenerate case one can order the parameters p i as follows − 1 3 < p 1 < 0 < p 2 < 2/3 < p 3 < 1 (4) and the comoving volume element expands in two directions and compresses in one. In what follows however, we shall take p 1 as an independent parameter and express all remaining quantities in terms of it. It can be done easily since
and
for the lower branch, and
for the upper branch. This terminology is self-explanatory if we consider the parameter p 2 as a function of p 1 (see Fig. 2 ). (For different parametrizations see Ref. [4] ). There is an interesting relation between the Kasner metric and the metric that describes the closest vicinity of the Schwarzschild central singularity. Indeed, it can be shown that the Schwarzschild interior approaches the Kasner metric with, say, p 1 = −1/3 and p 2 = p 3 = 2/3 as r goes to 0 (see e.g. Ref. [5] [6] [7] ).
The physical content of the quantum field theory in curved background is encoded in the regularized stress-energy tensor, T b a , and to certain extend in the field fluctuation, φ 2 . In this formulation the spacetime is treated classically whereas the fields propagating on it are quantized.
Even with this simplified approach the semiclassical theory should be able to describe quite a number of interesting phenomena, such as vacuum polarization, particle creation and the influence of the quantized field upon the background geometry [8] [9] [10] [11] . Moreover, one expects that the results obtained within the framework of the quantum field theory in curved background remain accurate as long as the quantum gravity effects are negligible.
Ideally, the stress-energy tensor should depend functionally on a general metric or at least on a wide class of metrics and be related to the non-local one-loop effective action, W R , in a standard way. Unfortunately, such calculations are very hard (if not impossible) in practice. Indeed, the solutions of the field equations are not expressible in terms of the known special functions, the formal products of the operator valued distributions have to be regularized and the (perturbative) series are divergent. All this makes the exact analytical calculations practically impossible and to circumvent these problems one is forced either to refer to the numerical methods or to make use of some approximations.
In this note we shall follow the latter approach and make use of the local one-loop effective action constructed within the framework of the Schwinger-DeWitt approximation [12] [13] [14] , (see also Ref. [15] ). In cosmology, however, there is another powerful approach to the problem, namely the adiabatic approximation [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] and closely related n-wave method [15, [28] [29] [30] . For the RobertsonWalker spacetime it has been shown that regardless of the chosen method, the results of the calculations are identical. It has been demonstrated that the Schwinger-DeWitt approach and the adiabatic method give precisely the same result in this context for 4 ≤ D ≤ 8. (See [31] [32] [33] ). Building on this we expect that a similar correspondence also appears in the anisotropic homogeneous cosmologies. Although we do not attempt to perform the full calculations of the stress-energy tensor within the framework of the adiabatic approach and show that the both methods yield the same result, here we will solve somewhat simpler problem and demonstrate that this equality holds for the vacuum polarization, φ 2 , of the massive scalar field with arbitrary curvature coupling in the Bianchi type I cosmology. Specifically, it will be shown that the leading and the next-to-leading term of the approximate vacuum polarization calculated within the framework of the adiabatic approximation are precisely the same as the analogous terms calculated with the aid of the Schwinger-DeWitt approach. Interestingly, using our vacuum polarization results, we will be able to calculate the trace of the stress-energy tensor of the conformally coupled massive scalar field.
The paper is organized as follows. In section II we construct the leading and the next-toleading term of the approximate vacuum polarization of the massive scalar field in the Bianchi type I spacetime. In section III the stress-energy tensor of the scalar, spinor and vector fields in the Kasner spacetime is calculated and discussed, whereas in Sec. IV we study the back reaction of the quantized fields upon the background geometry. To the best of our knowledge the results of Sections II-IV are essentially new. Throughout the paper the natural units are chosen and we follow the Misner, Thorne and Wheeler conventions.
II. VACUUM POLARIZATION
In this section we will be concerned with the neutral massive scalar field
with the arbitrary curvature coupling, ξ, in the anisotropic Bianchi type I specetime. Our main task is to construct the vacuum polarization.
A. Adiabatic approximation
To simplify calculations we will introduce a new time coordinate [28, 34] 
where V = abc, and redefine the field putting
The solution of the transformed equation can be written in the form
The ground state is defined by the relation
and the formal (divergent) expression for the vacuum polarization has the following simple form
Now, we demand that the positive frequency functions f k can be written in the form
where W (η) satisfies the following differential equation
The solution of this equation can be constructed iteratively assuming that the functions W (η) (we have omitted the subscript k) can be expanded as
with the zeroth-order solution given by
Now, in order to make our calculations more systematic and transparent, we shall introduce a dimensionless parameter ε that will help to determine the adiabatic order of the complicated expressions:
and, after the substitution of (23) into (22), we collect the terms with the like powers of ε. It should be noted that ω 2 is of the second adiabatic order, ω 4 is of the fourth adiabatic order, and so forth. Solving the chain of the algebraic equations of ascending complexity and substituting the thus obtained W into the formal expression for the vacuum polarization (20) one obtains
The first integral is divergent whereas the second one contains the terms that are divergent. Starting from the third term in the right hand side of the formal expression for the vacuum polarization the integrals are finite and their computation in the anisotropic case presents no problems. Now, following the standard prescription [8] we subtract from the formal φ 2 the first two terms, i.e.,
we subtract all the terms of a given adiabatic order if at least one of them is divergent.
Thus far our analysis has been formal. Now, let us investigate when the adopted method can
give well defined functions ω n . In order to make our analysis more precise let us introduce the directional Hubble parameters (27) and observe that ω 0 is much smaller than ω 2 provided H i /m 1 where i = a, b, c. Moreover, in this regime one has
where a (n) denotes n-th derivative of a(η). Since similar relations for the remaining directional scale factors b and c hold, the magnitude of the terms at the n-th adiabatic order are therefore equal to
with α + β + γ = n, where α, β, γ are nonnegative integers. One expects that in this regime the particle creation can be safely ignored.
Although the ε 4 -term (i.e., the leading term) looks innocent it leads to the quite complicated final result. Indeed, integration over angles yields 723 terms of the type
where
and the functions F (a, b, c; ξ) are constructed from a, b, c and their derivatives. The number of derivatives in each term at each adiabatic order is constant. Finally, after integration over p one obtains 135 terms. Similarly, the next-to-leading term (i.e. the sixth adiabatic order) consists of 761 terms.
As the vacuum polarization of the massive scalar field with the arbitrary coupling in a general Bianchi type I spacetime is rather complicated we will confine ourselves to the minimal and conformal couplings only. 1 Integrating over p we find
κ = 32π 2 m 2 V 4/3 and cycl denotes the terms that should be added after performing cyclic transfor-
The next-to-leading term is too complicated to be presented here. Finally observe that the thus constructed vacuum polarization can easily be expressed as a function of t by a simple transformation of the time coordinate. Now, let us return to the Kasner spacetime and calculate the first two terms of the vacuum polarization. Because of the simplicity of the metric the result is independent of the coupling constant and reads
As we shall see the second term in the right-hand-side of the above equation (multiplied by m 2 )
is precisely the the main approximation of the trace of the stress-energy tensor of the conformally coupled massive field taken with the minus sign.
B. Schwinger-DeWitt approximation
As is well known the regularized vacuum polarization of the quantized massive scalar field in a large mass limit can be constructed within the framework of the Schwinger-DeWitt method.
Subtracting the terms that are divergent in the coincidence limit of the Schwinger-DeWitt approximation to the Green function, the φ 2 can be written as a series
where a k are the coincidence limit of the Hadamard-DeWitt coefficients. The usual criterion for the validity of the approximation is that the Compton length associated with the massive fields is smaller that the characteristic radius of curvature of the spacetime. Note, that one can safely use the conditions H i /m 1 in this regard. The first two coefficients have the form
It can be shown that calculating Hadamard-DeWitt coefficients a 2 and a 3 for the anisotropic Bianchi type I spacetime described by the line element
one obtains for the vacuum polarization precisely the same results as in the adiabatic method. The main approximation a 2 /16π 2 m 2 equals the fourth-order adiabatic term and a 3 /16π 2 m 4 is the same as the sixth-order adiabatic term. This one-to-one correspondence should hold for the higher-order terms.
C. Trace of the stress-energy tensor
At first sight it seems that the calculations reported in this section have nothing to do with the stress-energy tensor. However, for the conformally coupled fields there is an interesting relation between the trace of the stress-energy tensor and the vacuum polarization [35] . Indeed, provided ξ = 1/6 one has
Since the leading behavior of the vacuum polarization is proportional to the trace anomaly term,
i.e., a 2 /(4π) 2 , the main approximation of the trace of the stress-energy tensor is simply the nextto-leading term of the vacuum polarization taken with the minus sign. Of course it equals also the minus sixth-order term calculated within the framework of the adiabatic approximation. In the next section we shall demonstrate, among other things, that the trace of the stress-energy tensor calculated from the one-loop effective action is given precisely by (42) .
III. STRESS-ENERGY TENSOR OF QUANTIZED MASSIVE FIELDS
The one-loop effective action of the quantized fields in curved spacetime is nonlocal and describes both particle creation and the vacuum polarization. However, when the mass of the field is sufficiently large, the creation of the real particles is suppressed and the effective action becomes local and is determined by the geometry. To be more precise consider a test field of the mass m and the associated Compton length λ C in a spacetime with the characteristic radius of curvature L. One expects that if λ C /L 1 the vacuum polarization part of the effective action dominate, making the expansion in inverse powers of m 2 possible. Suppose that these assumptions are satisfied, then the effective action is given by the Schwinger-DeWitt expansion [13, [36] [37] [38] ]
where a n are the coincidence limit of the Hadamard-DeWitt coefficients and Tr is a supertrace operator. Inspections of Eq. (43) shows that the main approximation requires knowledge of the fourth Hadamard-DeWitt coefficients a 3 . Their exact form is known for the vector, spinor and scalar fields, satisfying respectively
and Eq. (8), where γ a are the Dirac matrices. In the main approximation, the effective action of the quantized scalar, spinor and vector fields, after discarding total divergences and expressing the final result in the basis of the curvature invariants, can be written as [38] 
where the numerical coefficients α i are given in a Table I i for the massive scalar with arbitrary curvature coupling ξ , spinor, and vector field can be calculated form the standard relation
and consists of the purely geometric terms constructed from the Riemann tensor, its covariant derivatives and contractions. Each I i , after variations with respect to the metric tensor, leads to the covariantly conserved quantity. The type of the quantum field enters through the spindependent coefficients α i . The resulting stress-energy tensor is a linear combination of almost 100 local geometric terms. (Their actual number depends on the simplification strategies and identities satisfied by the Riemann tensor used during the calculation). The general formulas describing the stress-energy tensor have been given in Refs. [39, 40] .
Sometimes it is more efficient to adopt a less ambitious approach and instead of using general formulas of Refs. [40] focus on the effective action for a given line element and make use of the Lagrange-Euler equations. Below we shall briefly discuss how it can be achieved for the Kasner metric. First, observe that we can solve a more general problem and calculate components of the stress-energy tensor of the quantized fields in a general Bianchi type I spacetime with g 00 = −f (t).
(Henceforth, for calculational convenience, we slightly abuse our notation and put g 11 = a(t), g 22 = b(t) and g 33 = c(t)). Since the effective action is invariant under the cyclic transformation
it suffices to calculate T 0 0 and T 1 1 . The remaining components can be obtained using this chain of transformation in T 1 1 . Indeed, under the action of the cyclic transformation (48) one has
For the first spatial component the Lagrange-Euler equations give
where L is the Lagrange function density, n is the maximal order of derivatives of the function a(t) and a (k) = d k a/dt k . The component T 0 0 can be constructed in a similar way. One can also start with the simplified line element with f (t) = 1 and using (50) calculate only T 1 1 . The remaining spatial components can be obtained making use of the cyclic transformation whereas the time component of the stress-energy tensor can be constructed from the ∇ a T a b = 0, which in the case at hand reduces to
The integration constant should be put to zero at the end of the calculations. Since the Ricci tensor (and Ricci scalar) vanish for the Kasner metric the calculations can be substantially simplified from the very beginning. For example, the nonvanishing terms in δI 5 /δg ab and δI 8 /δg ab come solely from from the variations of the Ricci tensor. Regardless of the choice of method the obtained results must be, of course, the same.
The stress-energy tensor of the quantized massive fields in the general Bianchi type I spacetime is very complicated and for obvious reasons it will be not presented here. We only remark that the number of terms in T 0 0 with the coefficients c i unspecified is 1431 whereas the number of terms in the each spatial component of the stress-energy tensor is 1709. For a(t) = b(t) = c(t) the result reduces to the well-known T b a obtained in the spatially flat Robertson-Walker spacetime. Although the general stress-energy tensor in the Bianchi type I spacetime is quite complicated, the final result for the Kasner metric is not. Indeed, because of spatial homogeneity there are massive simplifications and the resulting T b a consists of small number of terms and has a simple form that can schematically be written as follows:
k is a sixth-order polynomial of p 1 and i refers either to the upper branch or the lower branch in the parameter space. Since there is no danger of confusion the spin index is omitted.
A. Massive scalar fields
First let us consider the quantized massive scalar field.
Making the substitution {a(t), b(t), c(t)} → {t 2p 1 , t 2p 2 , t 2p 3 } in the general formulas in the Bianchi type I spacetime, after some algebra, one obtains (for the lower (l) and upper (u) branches) 
where β = 1 + 2p 1 − 3p 2 1 . Inspection of the above formulas reveals some interesting general features: (i) for any allowable p 1 both T 0 0 and T 1 1 does not depend on the branch, (ii) the differences appear only for the remaining spatial components and they are related to the change of the sign of β, (iii) despite the dependence of the stress-energy tensor on the branch there are only four independent components as T As the functions T i have a simple structure
where W 3 (p 1 ) is a third-order polynomial, the first local extremum of the stress-energy tensor is always at p 1 = 0, whereas location of the second one (on the lower branch) is tabulated in Table III. For the upper branch the results for T 2 2 and T 3 3 should be interchanged. It should be noted that for the conformal coupling the second extremum is always at p 1 = 2/3, i.e., for the degenerate configuration. 
Similarly for the vector field one obtains 
The results for the lower branch can be obtained, as before, form the conditions T
and T 
The extrema of the components of the stress-energy tensor of the massive spinor and vector fields. The calculations have been carried out for the lower branch effects are more pronounced for the spinor field. A more detailed analysis shows that the stressenergy tensor has two local extrema: one of them is at p 1 = 0 and the location of the other is given in Table IV . Finally observe that for the lower branch at p 1 = 2/3 the components T . On the other hand,
This behavior is, of course, expected as we have (2/3, −1/3, 2/3)-configuration in the first case, (2/3, 2/3, −1/3) in the second, and (−1/3, 2/3, 2/3) in the third.
IV. BACK REACTION ON THE METRIC
Although the stress-energy tensor is interesting in its own right it has much wider applications.
Most importantly, it can be regarded as the source term of the semiclassical Einstein field equations where
is the classical part of the total stress-energy tensor. The resulting system of differential equations has to be solved self-consistently for the quantum-corrected metric. To simplify our discussion we shall assume that the cosmological constant and the coupling parameters k 1 and k 2 in the quadratic part of the total action functional
vanish after the renormalization. Unfortunately, because of the technical complexity of the problem it is practically impossible to find the solution of the equations without referring to approximations or numerics. The exact self-consistent solutions exist only for simple geometries with a high degree of symmetry. Moreover, for the stress-energy tensor obtained from the effective action (46) there is a real danger that some classes of solution of the semiclassical equations would be non-physical. It is because of the appearance of the higher-order derivatives in the equations. Because of that our strategy (that is in concord with the philosophy of the effective lagrangians) is as follows. Since the modifications of the classical spacetime caused by the quantum effects are expected to be small, the natural approach to the problem is to solve the semiclassical equations perturbatively. If both the classical and the quantum parts of the total stress-energy tensor depend functionally on the metric, the equations to be solved have the following form
with
where ∆g ab is a first-order correction to the metric and to keep control of the order of terms in complicated series expansions, we have introduced once again the dimensionless parameter ε.
Focusing on the first two term of the expansion one has
Of course, one expects that the quantized fields acting upon the classical Kasner spacetime deform it, i.e., the quantum corrected metric is still of the Bianchi type I type, but it is not the Kasner metric any more (See however Ref. [41] ). Having this in mind we assume that each metric potential a(t), b(t) and c(t) can be expand as the classical background plus a correction. Since we are interested in the corrections to the classical vacuum solution we put T (cl)b a = 0, and, consequently, the metric, with a little prescience, can be expanded as
where ∆G b a is given by the linear in ε part of G b a , is more complicated. However, before going further it is worthwhile to briefly discuss our general strategy. Following Ref. [42] let us assume that for t < t 0 (t 0 t P l ) the stress-energy of the quantum fields vanishes. The modes with the frequencies satisfyingω k (t 0 ) > t −1 0 are in the adiabatic regime for t > t 0 and the creation of the particles is exponentially damped. On the other hand, for the modes satisfyingω k (t 0 ) < t 
The general solution (ψ 1 (t), ψ 2 (t)) depends on three integration constants. The fourth one must be equated to zero on the account of the covariant conservation of the stress-energy tensor. Since T b a (t) = 0 for t ≤ t 0 we have the Kasner metric tensor and its derivative (a left-hand derivative at t 0 ) in that region. Consequently one is left with a simple solution
with ψ 2 (t) = ψ 3 (t). On the other hand, for a general configuration one has
where B i for the upper branch have the form
As the result has a general structure H ij = H (0) ij + δH ij we shall call H For the massive scalar field the sign of the perturbation δH ab depends the coupling constant ξ.
Indeed, when ξ < 47/216 the perturbation is positive and the vacuum polarization isotropizes background spacetime. It shold be noted that both minimally and conformally coupled fields make the background spacetime more isotropic. Moreover, it is precisely the same inequality that should hold for the coupling constant of the massive scalar field to make the interior of the Schwarzschild black hole more isotropic [5] . It becomes even more interesting when we realize that for the Schwarzschild black hole the degenerate Kasner metric is approached asymptotically only in the closest vicinity of the singularity. For the spinor field δH ab is always positive whereas for the vector fields it is always negative. Once again a similar behavior is observed for the quantum corrected interior of the Schwarzschild spacetime. Further, δH bc is always positive, whereas δH ca is negative for p 1 < 2/3 and positive for p 1 > 2/3.
A similar analysis carried out for the upper branch shows that H ca is always negative.
The quantum correction δH ab is positive for p 1 < 2/3 and negative for p 1 > 2/3, δH bc is always negative, and, finally, δH ca is negative for p 1 < 0 and positive for p 1 > 0.
All this can be stated succinctly in the following way: roughly speaking, for the upper branch, the quantum effects tend to increase anisotropy in (x, y)-directions for p 1 < 2/3 and decrease for p 1 > 2/3. The anisotropy is always decreased by the vacuum polarization in (y, z)-directions and in (x, z)-directions the anisotropy is strengthened for p 1 < 0 and damped for p 1 > 0. On the other hand, for the lower branch the behavior of δH 12 is qualitatively similar to δH 23 on the upper branch, whereas δH 23 is qualitatively similar to δH 12 . The qualitative behavior of H 31 is identical on both branches. Finally observe that for the corrections generated by the spinor and vector fields one has a similar equivalence. More specifically, analysis of δH 12 for the massive vectors shows that the anisotropy always increases, whereas that of δH 23 increases for p 1 < 0 and decreases for p 1 > 0. δH 31 leads to decreasing anisotropy for p 1 < 0 and to increasing for p 1 > 0. The appropriate results for the massive spinors field are opposite, i.e., 'increase' should be replaced by 'decrease' and vice-versa.
V. FINAL REMARKS
In this paper we have calculated the vacuum polarization, φ 2 , of the massive scalar field in the Bianchi type I spacetime within the framework of the Schwinger-DeWitt method and the adiabatic approximation. It has been demonstrated that both methods yield the same result. We expect that a similar equality will hold for the stress-energy tensors. Although we have verified this only for the trace of the stress-energy tensor of the conformally coupled scalar field, we believe that the demonstration of this equality in a general case is conceptually easy but quite involved computationally. Building on this we have calculated the stress-energy tensor of the scalar, spinor and vector fields in the Bianchi type I spacetime making use the Schwinger-DeWitt one-loop effective action and checked the influence of the quantized fields upon the Kasner spacetime. The special emphasis has been put on the problem of isotropization of the background geometry. It should be emphasized once again that being local the Schwinger-DeWitt technique does not take particle creation into account. It is therefore possible that the actual influence of the quantized fields, e.g., calculated numerically, will be more pronounced [5] . On the other hand however, we expect that if the conditions H i /m 1 hold our results should provide a reasonable approximation.
Finally observe that the semiclassical Einstein equations with the right hand side given by the stress-energy tensor of the quantized fields constructed from the one-loop effective action (46) may be treated as the theory with higher curvature terms. Theories of this type are currently actively investigated (see e.g. Refs. [43] [44] [45] and references therein).
